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(VIM)Abstract In this paper, the generalized quintic complex Ginzburg–Landau equation is considered
to be solved, by means of the homotopy analysis method (HAM). Two examples are solved to illus-
trate the efficiency of the proposed method. By plotting the h-curve of the examples, the region of
convergence is determined.
 2016 Faculty of Engineering, Ain Shams University. Production and hosting by Elsevier B.V. This is an
open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).1. Introduction
The cubic–quintic complex Ginzburg–Landau equation is a
continuous approximation to the dynamics of the field in a
passively mode-locked laser.It has also been proven to be use-
ful in describing important phenomena such as ultrashort
pulse propagation in optical transmission lines with spectral
filtering and erbium-doped fiber amplifiers, the GCGL equa-
tion was used successfully in modeling of other nonequilibrium
processes in physics, The quintic terms in the equation describe
important physics, which is lacking in other models in theliterature [3]. It arises in a variety of settings, including nonlin-
ear optics, fluid dynamics, chemical physics, mathematical
biology, condensed matter physics, and statistical mechanics.
In fluid dynamics the GCGL is found, for example, in the
study of Poiseuille flow, the nonlinear growth of convection
rolls in the Rayleigh–Benard problem and Taylor–Couette
flow. In this case, the bifurcation parameter R plays the role
of a Reynolds number. The equation also arises in the study
of chemical systems governed by reaction–diffusion equations.
The GCGL equation plays the role of a simplified set of fluid
dynamic equations.
The Ginzburg–Landau equation has been used to study
many practical problems such as chemical turbulence, Poiseuille
flow, Taylor–Coutte flow, Rayleigh–Benard convection, reac-
tion–diffusion systems, nonlinear optics, and hydrodynamical
stability problems. It exhibits rich dynamics and has become a
paradigm for the transition to spatio-temporal chaos. Also
some other details about the other different types of Ginzburg
equation can be considered in [3,7,8,10,24,25,26,27,31,33,34].analysis
Table 1 The results of example 1 via the HAM at x= 1.
t 0 0.2 0.4 0.6 0.8 1
Error 0 1.1102e016 1.1102e016 1.4983e016 1.4895e015 4.7744e014
















Fig. 1 The h-curve of wttð0:5; 1Þ given by 7-approximation of the
HAM.
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þRwð1þ ibÞjwj2nwð1þ idÞjwj4nw nP 1;
wðx;0Þ¼ fðxÞ; i2¼1; ð1Þ
where a; b; d; R are real constants and w ¼ wðx; tÞ is a com-
plex unknown function and t is a nonnegative real value, x is a
real value [3,9,13,14,29,33,34]. Wazwaz studied Eq. (1) by
using the separation of variables method in [33].
In this work, the HAM is being considered to obtain the
approximate solution of Eq. (1). This method is a powerful
analytical method to solve the nonlinear problems and was
first introduced and used by Liao [23]. Recently, this method
has been well applied to solve many types of problems in
science and engineering [1,2,4–6,11,12,17–19,28,30,32]. Homo-
topy analysis method contains an auxiliary parameter h which
provides a simple way to adjust and control the convergent
region and the rate of convergence of the series solution.
HAM bears a very rapid convergence of the solution series
in most cases, usually only a few iterations with satisfactory
approximate solution, as well [20–23]. Total discription of this
paper is as follows: In Section 2, some preliminaries are given,Table 2 The errors of the example 1 via HAM at (2, 0.7).





Please cite this article in press as: Naghshband S, Fariborzi Araghi MA, Solving g
method, Ain Shams Eng J (2016), http://dx.doi.org/10.1016/j.asej.2016.01.015and in Section 3, the main idea of this paper is brought, and
finally in Section 4, two examples are solved and h-curves
are plotted to show the region of convergence.
2. Preliminaries
Let the following differential equation:
N½wðx; tÞ ¼ 0;
where N is a nonlinear operator, x and t denote the indepen-
dent variables and w is an unknown function. Via the HAM,
the zeroth-order deformation equation is:
ð1 qÞL½Uðx; t; qÞ  w0ðx; tÞ ¼ qhHðx; tÞN½Uðx; t; qÞ; ð2Þ
where q 2 ½0; 1 is the embedding parameter, h – 0 is an aux-
iliary parameter, L is an auxiliary linear operator andHðx; tÞ is
an auxiliary function. Uðx; t; qÞ is an unknown function and
w0ðx; tÞ is an initial guess of wðx; tÞ. It is clear, if q ¼ 0 and
q ¼ 1 then:
Uðx; t; 0Þ ¼ w0ðx; tÞ; Uðx; t; 1Þ ¼ wðx; tÞ;
respectively. Therefore, when q increases from 0 to 1, the solu-
tion Uðx; t; qÞ varies from w0ðx; tÞ to the exact solution wðx; tÞ.
By Taylor’s theorem, it can be expanded Uðx; t; qÞ in a power
series of the embedding parameter q as comes:












Let the initial guess w0ðx; tÞ, the auxiliaray linear operator
L, the nonzero auxiliaray parameter h and the auxiliaray func-
tion Hðx; tÞ be properly chosen so that the power series Eq. (3)
converges at q ¼ 1, then, it can be seen:




which must be the solution of the original nonlinear equation.
Now, we define the following set of vectors:
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Imaginary part of exact solution
Imaginary part of approximation solution

















Real part of exact solution
Real part of approximation solution
Fig. 2 Imaginary and real parts of exact and approximation solutions of Example 1 when x= 1 and m= 7.

















Fig. 3 The h-curve for wtð1; 0Þ given by 6-approximation
(m= 6).
Solving generalized quintic complex Ginzburg–Landau equation by homotopy analysis method 3By differentiating the zeroth order deformation Eq. (2) m
times with respect to the embedding parameter q and then set-
ting q ¼ 0 and finally dividing by m!, we will have the following
mth order deformation equation:
L½wmðx; tÞ  vmwm1ðx; tÞ ¼ hHðx; tÞRmð~wm1Þ; ð7Þ
where






0 m 6 1;
1 m > 1:

ð9ÞPlease cite this article in press as: Naghshband S, Fariborzi Araghi MA, Solving g
method, Ain Shams Eng J (2016), http://dx.doi.org/10.1016/j.asej.2016.01.015It should be mentioned that wmðx; tÞ for mP 1 is governed
by the linear Eq. (7) with linear boundary conditions that come
from the original problem. For more details about the HAM,
we refer the reader to [20,21].
3. Main idea
We consider Eq. (1) as follows:
@w
@t
¼ ð1þ iaÞ @
2w
@x2
þ Rw ð1þ ibÞwnþ1 wn
 ð1þ idÞw2nþ1 w2nnP 1; ð10Þ
wðx; 0Þ ¼ fðxÞ; i2 ¼ 1;
and
L½Uðx; t; qÞ ¼ @Uðx; t; qÞ
@t
; LðcÞ ¼ 0; ð11Þ
where c is a real constant,
N½Uðx; t; qÞ ¼ @Uðx; t; qÞ
@t
 ð1þ iaÞ @
2Uðx; t; qÞ
@x2
 RUðx; t; qÞ þ ð1
þ ibÞUnþ1ðx; t; qÞUnðx; t; qÞ þ ð1
þ idÞU2nþ1ðx; t; qÞU2nðx; t; qÞ; ð12Þ
and Hðx; tÞ ¼ 1. The zeroth-order deformation equation is:
ð1 qÞL½Uðx; t; qÞ  w0 ¼ qhN½Uðx; t; qÞ: ð13Þ
Also, the mth-order deformation equation:
L½wm  vmwm1 ¼ hRmð~wm1Þ; ð14Þ








































































































































wk3   wk2nþ1wðk1k2k2nþ1Þ wa1 wa2    wa2n1 wðm1k1a1a2n1Þ: ð15Þ
4 S. Naghshband, M.A. Fariborzi Araghi
Please cite this article in press as: Naghshband S, Fariborzi Araghi MA, Solving generalized quintic complex Ginzburg–Landau equation by homotopy analysis
method, Ain Shams Eng J (2016), http://dx.doi.org/10.1016/j.asej.2016.01.015
.Solving generalized quintic complex Ginzburg–Landau equation by homotopy analysis method 5So,
wm ¼ vmwm1 þ h
Z t
0
Rmð~wm1Þdtþ c; mP 1: ð16Þ
Now, in order to solve Eq. (10), with other semi-analytical
method, we consider the variational iteration method (VIM)
[15,16] to compare with the HAM. Let the following nonlinear
differential equation is given:
Lwðx; tÞ þNwðx; tÞ ¼ gðx; tÞ;
where L and N are linear and nonlinear operators respectively,
and g is inhomogeneous term. The correction functional can be
written as follows:
wmþ1ðx; tÞ ¼ wmðx; tÞ þ
Z t
0
kðnÞðLwmðnÞ þN~wmðnÞ  gðnÞÞdn;
mP 0;
where k is general Lagrange multiplier which can be calculated
by variational theory, that it means d~wm ¼ 0, and the exact
solution is determined by w ¼ limm!1wm [15,33]. By applying
the VIM to solve Eq. (10), the correction functional of Eq. (10)















To make this correction functional stationary, by applying,
dwmðx; 0Þ ¼ 0, we obtain:








So, the stationary conditions can be written as follows:
k0ðnÞ ¼ 0; 1þ kðnÞjn¼t ¼ 0:
Thus, the Lagrange multiplier can be obtained as k ¼ 1, also
and the following iteration formula is as follows:





ðx; nÞ  ð1þ iaÞ @
2wm
@x2
ðx; nÞ  Rwmðx; nÞ

þð1þ ibÞwnþ1m wnmðx; nÞ þ ð1þ idÞw2nþ1m w2nm ðx; nÞ

dn: ð18Þ4. Sample examples
In this section, two generalized quintic complex Ginzburg–
Landau equations are solved via the HAM based on Eqs.
(15) and (16) and the results are shown in the tables. Also,
the h-curves of each example are plotted. The programs and
figures have been provided by Matlab package.
Example 1. Consider the following PDE:
wt ¼ ð1þ iÞwxx þ 3w ð1þ 2iÞjwj2w ð1 4iÞjwj4w; wðx; 0Þ
¼ eix; i2 ¼ 1:
By the HAM, we getPlease cite this article in press as: Naghshband S, Fariborzi Araghi MA, Solving g
method, Ain Shams Eng J (2016), http://dx.doi.org/10.1016/j.asej.2016.01.015w0ðx; tÞ ¼ eix;
w1ðx; tÞ ¼ htexii;
w2ðx; tÞ ¼ ðhtexið2hiþ htþ 2iÞÞ=2;
w3ðx; tÞ ¼ ðhtexiðh2t2iþ 6h2tþ 6h2iþ 6htþ 12hiþ 6iÞÞ=6; . .
setting h=-1, we obtain
w0ðx; tÞ ¼ eix;
w1ðx; tÞ ¼ itexi;









; . . .
so, we have
















þ   
 !
¼ eiðxþtÞ;
which is the exact solution of this example.
Table 1 shows the errors of the HAM at x= 1 when
m= 15 and h= 1, for different values of t. Also, Fig. 1
shows the h-curve of wtt obtained from the 7-approximation
via the proposed method.
Table 2 shows the convergence of the HAM at the point




 . Fig. 2 shows the Imaginary and real
parts of exact and approximation solutions of the proposed
method, when x= 1 and different values of t, for Example 1.
Applying Eq. (18) as the variational iteration method, the
following results are obtained:
w0ðx; tÞ ¼ eix; w1ðx; tÞ ¼ eix þ itexi; w2ðx; tÞ
¼ eix þ itexi  ðt2exiÞ=2; . . .
so, it can be seen:
lim
m!1






þ   
 !
¼ eiðxþtÞ:
It means that, the VIM is also able to obtain the solution of
the equation by a convergent recursive scheme and this result
can be found via the HAM in the special case of h ¼ 1.
Example 2. Consider the following PDE:
wt ¼ ð1þ 3iÞwxx þ 3w ð1þ iÞjwj4w ð1 6iÞjwj8w; wðx; 0Þ
¼ eix; i2 ¼ 1;
applying the HAM, we get
w0ðx; tÞ ¼ eix;
w1ðx; tÞ ¼ 2htexii;
w2ðx; tÞ ¼ 2htexiðhiþ htþ iÞ;
w3ðx; tÞ ¼ ð4htexiÞðh2t2iþ 3h2tþ ð3h2iÞ=
2þ 3htþ 3hiþ ð3iÞ=2ÞÞ=3; . . . ;eneralized quintic complex Ginzburg–Landau equation by homotopy analysis
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w0ðx; tÞ ¼ eix;
w1ðx; tÞ ¼ 2itexi;









; . . . ;
so, we have
















þ . . .
 !
¼ eið2txÞ;
which is the exact solution of this example.
Fig. 3 presents the h-curve of for wtð1; 0Þ. Also, Figs. 4 and
5 compare the imaginary and real parts of the approximate
and the exact solution, where 2 6 x 6 2.
5. Conclusion
In this paper, the homotopy analysis method was used to
solve the generalized quintic complex Ginzburg–Landau
equation. In order to show the importance and applicability
of the proposed method, two examples by plotting of the h-
curves and some related numerical results were thoroughly
illustrated. Also, in an example, it can be observed that the
VIM is also a proper and efficiency method to solve Eq.
(10), whereas it is not able to control and adjust the region
of convergence. Consequently, the HAM can be applied to
solve the generalized quintic GCGL equation as a reliable
and valid scheme.
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